We examine a fluid dynamic model for the evolution of a precorneal tear film that includes evaporation of the aqueous layer and a wetting corneal surface. Our model extends previous work on the break-up time for a post-blink tear film to include a more realistic model for evaporation. The evaporation model includes the effects of conjoining pressure and predicts the existence of an equilibrium adsorbed fluid layer that serves as a model for a wetting corneal surface/mucin layer. The model allows the prediction of dewetting rates that are compared with experimental measurements. By choosing an expected thickness where evaporation and conjoining pressure balance, we obtain qualitative agreement for the opening rate with in vivo observations.
Introduction
After each blink, a thin fluid film covers the surface of the eye. This thin film contributes to the optical function of the eye, protects the corneal surface and provides a lubricating layer that helps prevent irritation of the eyelid rubbing on the eye during a blink. Millions of people suffer from a collection of symptoms called dry eye in which the tear film does not properly execute its manifold functions . For example, in Sjögren's syndrome, the immune system may attack the moisture producing glands in the body, such as the salivary glands in the mouth and the lacrimal glands near the eye. This is just one cause for insufficient tear production, which may in turn lead to the dryness, irritation, gritty sensation or other symptoms of dry eye. The tear film may also evaporate too rapidly due to malfunction of the meibomian glands in the eyelids, which produce a protective oily layer of lipids that help preserve the tear film (Mishima & Maurice, 1961; Mathers, 2004) . The most up-to-date report on dry eye may be found in the Dry Eye Workshop report (Lemp et al., 2007) . Mathematical models offer the possibility of improved understanding of normal, healthy tear dynamics as well as varying the amount and properties of the tear film to better understand unhealthy situations.
A classic characterization of the human tear film is one consisting of three distinct layers: the lipid layer, the aqueous layer and the mucus layer. More recent views on the detailed make-up of the tear film reveal a considerably more complicated picture. Even the seemingly simple measurement of the overall thickness of the tear film is a challenging problem. The reported overall thickness of the tear film ranges from a few microns to tens of microns (e.g. Bron et al., 2004) , with more recent measurements based on interferometry suggesting values in the lower end of this range (e.g. 1.5-4.7µm; King-Smith et al., 2000) . Measurements via optical coherence tomography confirm this result (Wang et al., 2003) . For a review, see King-Smith et al. (2004) .
The lipid layer, composed mainly of meibomian lipid secreted from the meibomian glands, has a thickness typically 100 nm or less and plays numerous roles in the overall function of the tear film (for a review, see Bron et al., 2004) . From a fluid dynamic point of view, the lipid film's higher viscosity and lower surface tension help stabilize the tear film. The presence of the lipid layer also reduces evaporation of the aqueous fluid in the tear film. For example, patients with meibomian gland disfunction show elevated rates of evaporation up to several times larger than that for a normal eye (Bron et al., 2004) .
The existence of distinct aqueous and mucus layers has more recently come into question. While quoted values for the thicknesses of the aqueous layer (e.g. 4-10 µm; Mishima, 1965; Sharma, 1998) and mucus layer (e.g. 1 µm; Wong et al., 1996; Sharma et al., 1999 , and references therein) have been reported, more recent reviews suggest that the three-layer theory should be replaced by one in which the mucins are mixed throughout a mucoaqueous layer (Gipson, 2004; Bron et al., 2004; Cher, 2007) . The view of Gipson (2004) reveals an intricate picture of the mucoaqueous tear film and the corneal surface. In this view of the mucoaqueous layer, both gel-forming and transmembrane mucins are present. The secreted mucins mix with the aqueous layer and are thought to serve a variety of purposes such as debris removal and tear film stabilization. A detailed view of the corneal surface reveals a complex picture. Transmembrane mucins 200-500 nm long extend as rod-like structures from the corneal surface, which itself has microplicae a few hundred nanometres tall. The hydrophilic nature of the mucins and the complicated cellular structures of the cornea point to a surface that is wetting (Bron et al., 2004; Gipson, 2004) , which is one of the operating assumptions for our model corneal surface.
Our objective in the present work was to examine a model for a human tear film that treats the corneal surface as a wettable surface on which rupture never occurs but instead on which a stable adsorbed fluid layer remains after thinning due to relaxation and evaporation. The transmembrane and gel-forming mucins near the corneal surface are assumed to remain hydrated thus preventing a true dryout on time scales that are not too long. When the tear film thins to such a degree, it is expected that the osmolarity (concentration of salts) of the film increases and that hyperosmolarity is an important factor in dry eye and related symptoms (Lemp et al., 2007; Klyce & Russell, 1979; Levin & Verkman, 2004) . A recent compartment-based model has studied this aspect of the anterior eye (Bron et al., 2008) ; however, we neglect any description of the osmolarity in this work.
Our mathematical model combines the tear film model of Braun & Fitt [2003;  hereafter referred to as the constant evaporation rate (CER) model] with the incorporation of a new evaporation model based on the work of Ajaev (2005b) and Ajaev & Homsy (2001) . This evaporation model incorporates pressure effects (in addition to thermal effects) and a conjoining pressure derived from the work of Wu & Wong (2004) . The inclusion of these effects into the CER model allows for the existence of a wetting layer with a physiologically reasonable thickness on the corneal surface. Furthermore, the tear film dynamics in the present model can now be examined beyond the predicted rupture times of the CER model and, consequently, may be used as a basis to explore opening rates of holes or 'dry' spots on the corneal surface. Finally, we note that while the tear film is reported to have non-Newtonian properties (Tiffany, 1991; Zhang et al., 2003a) , we shall neglect these effects here and treat the fluid in our tear film model as Newtonian.
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Our paper is organized as follows. In Section 2, we formulate the tear film model with an improved evaporation treatment. The governing equations and their reduction to a single evolution equation using lubrication theory are given in this section. Results focusing on the new evaporation terms and the implications for tear films are given in Section 3. Conclusions are given in Section 4.
Formulation
We model the tear film as an incompressible Newtonian fluid with constant density ρ, dynamic viscosity µ, specific heat c p and thermal conductivity k. The tear film geometry is defined by the domain 0 < y < h(x, t) with eyelids at the ends of the domain −L < x < L. We address only the dynamics of a post-blink tear film so that the eyelid positions are fixed in time. The governing equations are given by
where u = (u, v) is the 2D velocity vector, p is the fluid pressure in the film, T is the temperature and g is the gravitational acceleration.
The above governing equations are subject to boundary conditions at the corneal surface at y = 0
where T eye is assumed to be a prescribed constant temperature. We note that the central ocular surface temperature is known to decrease by about 1-1.5 • C after a blink; for a recent review of measurement techniques and results, see Purslow & Wolffsohn (2005) . We wish to keep the model as simple as possible in order to explore the effects of evaporation competing with conjoining pressure; we choose to neglect this surface cooling in this work. At the tear film-vapour interface y = h(x, t), we impose boundary conditions associated with balance of mass, balance of normal stress, tangential fluid velocity, heat flux balance and a constitutive law for the evaporative mass flux J . The mass balance is
where u I = h tk is the velocity of the interface. The normal stress balance is
where T is the Newtonian stress tensor for the fluid and γ is the (assumed constant) surface tension. Π * is the conjoining pressure in the film given by
where A * and B * are constants (see Wu & Wong, 2004) . When B * = 0, this form reduces to the standard van der Waals force with Hamaker constant A * . The case B * = 0 represents the perfectly wetting case and B * = 0 represents the partially wetting case (Ajaev, 2005b) . A number of other authors have studied problems specifically for tear film rupture driven by van der Waals forces, or disjoining pressure, as defined by reaching zero thickness for a film (e.g. Sharma & Ruckenstein, 1985; Zhang et al., 2003a Zhang et al., ,b, 2004 Gorla & Gorla, 2004) . Though Zhang et al. (2003a ,b, 2004 ) studied multilayer films together with van der Waals forces, and their work helps inform our choices, we note that the underlying assumptions and layers dealt with in the models we propose are different than in those works. The choice of van der Waals term that we use will cause a conjoining pressure, indicating that the healthy cornea is wettable (e.g. Bron et al., 2004) rather than the non-wetting case that has been used previously based on what had been prevailing wisdom. We treat only the uniformly healthy cornea here, but we note that the incorporation of varying wettability on the substrate in order to represent unhealthy parts of the cornea may be a profitable direction (e.g. Thiele et al., 2003; Sharma, 2003) . The lipid layer is a highly viscous layer (Tiffany, 1987) with an insoluble surfactant at the lipidaqueous interface (McCulley & Shine, 1997) . Previous works have shown that a limiting case of the strong insoluble surfactant for a film with moving ends is the uniform stretching limit (Jones et al., 2005; Braun & King-Smith, 2007) ; for the case with stationary ends, this limit reduces to the tangentially immobility condition u ·t = 0.
This limit was first employed in Wong et al. (1996) and has been used in many eye-related studies since; it is also possible to obtain this limit for large surface viscosity as in Naire et al. (2000) . Due to space considerations, we simply assume this end result rather than repeating these or similar derivations here. The review by Tiffany (1987) suggests that in vitro measurements indicate a roughly linear dependence of evaporation rate on the lipid thickness over the range of 50-200 nm. In the present context, we model an insoluble surfactant to be strong and in effect the lipid layer immediately becomes uniform spatially. We therefore neglect any variation of the evaporation on lipid film thickness when the eyelids do not move.
The heat flux balance is given by
where L m is the latent heat of vapourization per unit mass. Note the above equations are the so-called one-sided model of Burelbach et al. (1988) where the effects such as vapour viscosity and vapour thermal conductivity are neglected. In their full model effects related to the liquid-vapour density difference, such as vapour recoil, are retained. However, we follow the CER model and neglect this effect in the present tear film model. The unit normal and tangential vectors to the interfacen andt arê
The above equations are to this point equivalent to those of the CER model if the conjoining pressure Π * is zero. The CER model took the evaporative mass flux proportional to the difference between the interface temperature T i and the equilibrium saturation temperature T s (see Burelbach et al., 1988) . In the present work, we follow Ajaev & Homsy (2001) and Ajaev (2005b) and take the mass flux to be of the form
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where K and α are constants. This form of the mass flux allows for deviations in temperature and pressure to drive evaporation. Including a conjoining pressure with this evaporation model leads to the possibility of an equilibrium adsorbed liquid film on the corneal surface in which the mass flux is zero and evaporation is effectively shut off. Our one-sided tear film model with thermal and pressure-driven mass flux treats evaporation differently than the diffusion-limited model explored by Creech et al. (1998) . Their 1D diffusion-limited vapour-phase evaporation model predicted tear film thinning rates comparable with the experimentally measured thinning rates of 0.5 µm min −1 of Rolando & Refojo (1983) . However, more recent data by King-Smith et al. (2008 , 2009 ) suggest evaporation rates 8-10 times larger than that shown in the data of Rolando and Refojo. This new evidence suggests a considerably faster evaporation rate not captured by a diffusion-limited process through the vapour phase but to which the present evaporation parameters can be effectively fit. We emphasize that the new features of the tear film model incorporate a wettable corneal surface and allow our numerical calculations to be extended beyond the predicted rupture time of the CER model. We follow the CER model and introduce dimensionless variables of the form The above non-dimensionalization leads to a system in which we investigate the thin film limit 1. A depth-averaged evolution equation for the tear film thickness can be obtained through the application of lubrication theory (e.g. Wong et al., 1996; Sharma et al., 1998; Braun & Fitt, 2003; Ajaev, 2005b) . We follow the assumptions of Braun and Fitt and take l = d 1/3 D 2/3 , where D = √ γ /ρg and U 0 = ρgd 2 /µ so that Ca = µU 0 /(γ 3 ) = 1. This leads to the evolution equation for the tear film thickness
where the dimensionless conjoining pressure term is given by
and the associated dimensionless parameters are given by
We point out that the Ajaev model for evaporation leads to an important term not present in the CER model that allows for the existence of an equilibrium adsorbed liquid film on the corneal surface consistent with a characterization of the corneal surface as a wetting surface. In this context, the dimensionless mass flux takes the form
which is represented in the evaporative term in (14). When δ = 0, A = 0 and B = 0, (14) reduces to the CER model [see Braun & Fitt, 2003, equation (42) ]. For boundary and initial conditions, we focus on the new terms in this tear film model and consider exclusively conditions of fixed menisci height and fixed menisci curvature at the eyelids, respectively,
The initial conditions approximate the geometry of a post-blink tear film with a uniform central region of thickness h min between two parabolic menisci at the upper and lower lids
Results
We have implemented a method of lines approach to solve the tear film (14) where conservative central differencing in space is used to discretize the spatial terms at points x j = −L + 2L( j − 1)/N for j = 1, . . . , N + 1. In all cases, boundary conditions h(x = ±L) = h 0 and
were used. The resulting system of ordinary differential equations in time were solved using Matlab's ode23s solver. In all calculations shown, we have used N = 2000 which we found to provide sufficient numerical accuracy. Unless otherwise noted, the parameter values used in the present calculations are L = 14, h 0 = 9, h 0 x x = 4, h min = 1, ∆h m = 2, ∆x m = 2, G = 0, E = 14.1 and K = 4930, which are consistent with choices used in the CER model. Our focus in this paper will be to examine the effects of the parameters δ, A and B associated with the present evaporation and wetting model. Figure 1 shows tear film profiles that include evaporative effects associated with interface curvature but without van der Waals effects. As we quantify further in Fig. 3 Including van der Waals attractions together with the new curvature term is significant, however. Figure 2 shows the tear film profiles that include both effects. Note that in contrast to Fig. 1 , evaporation is slowed considerably as the tear film thins, and the film reaches an equilibrium thickness equal to h eq = (δ A) 1/3 . When the film reaches this equilibrium thickness, evaporation is locally zero; similar behaviour was seen by Ajaev (2005a,b) . The tear film continues to evaporate in the thicker regions. A final equilibrium configuration is reached in which the thickness away from the meniscus regions reaches h eq . In order to quantify the various effects in the present evaporation model and to compare with existing models, in Fig. 3 , we track the minimum values of the film thickness at each time step. For the basic reference case (thin solid curve), all parameter values are set to 0 (E = δ = A = B = G = 0) meaning the only acting forces are due to surface tension and viscosity. Here, the tear film thins on a relatively long scale. Next, we compare this case to the case in which the only additional non-zero terms are the van der Waals forces, A = 10 −3 (uppermost dash dotted curve) with no evaporation. By comparing these two results, we see that including van der Waals forces slows the thinning of the film. When the CER model is examined (innermost dashed curve which is coincident with a dotted curve), there is a dramatic change in the thinning process and break-up is predicted to be around t = 82. This case does not include van der Waals forces or pressure effects in evaporation. Using δ = 10 −3 has a negligible change from the CER prediction, also predicting a BUT of about 82. In these cases, the only parameter difference is that curvature effects are included in the evaporation term. While there is little difference between these two cases, the inclusion of the δ term results in a film that thins slightly more slowly. Another case is shown by the thick solid line that includes van der Waals forces, with A = 10 −3 , added to the constant evaporation case (with δ = 0). The BUT for this case is increased to about t = 300. This is the same general trend noted between the two non-evaporative curves (thin solid and thin dash dotted curves); i.e. when van der Waals forces are included, thinning is slowed and BUTs are increased. Last, we include a case with parameter values, E = 14.1, A = δ = 10 −3 and B = 0 (short dashed line). Notice as t → ∞, the curve levels off to an equilibrium thickness. This is due to the van der Waals forces term in the evaporative mass flux that effectively shuts off evaporation when h = h eq .
In Fig. 4 we examine in more detail the dependence of the evaporative dynamics on the parameters δ and A. Here, we plot the minimum film thickness as a function of time over a representative set of parameter values. We note that the predicted equilibrium film thickness, (δ A) 1/3 , agrees with the numerically obtained values shown as t → ∞. Notice as the equilibrium film thickness gets smaller, the time in which this value is reached decreases. This general trend was also noticed when A and δ were varied independently. We note that the equilibrium film thickness does not depend on the value of B.
To better understand the effects in the evaporation term, we define and examine an evaporative flux multiplier function Figure 6 shows Q E (x, t) for a range of time values for which the equilibrium film thickness is reached in various locations along the corneal surface. Here, both δ and A are non-zero. This plot reveals that Q E becomes extremely small or even 0 for some spatial values, meaning that evaporation is shut off in those regions where the film reaches its equilibrium thickness. The signature of this shutting off of the evaporation is the levelling off of the minimum film thickness curves in Figs 3 and 4. In the plot of the corresponding film profiles in Fig. 7 , we see the various regions of equilibrium film thickness. Figure 7 reveals the late stages of the wetting dynamics of the film. The tear film evaporates locally until the equilibrium height h eq = (δ A) 1/3 is reached. At this point, the evaporation shuts off locally and the corneal surface remains wetted. At t = 325, there is an equilibrium adsorbed fluid layer between the meniscus at the eyelid (on the right) and the central region (on the left) for x between approximately 8 and 12. At this point, we identify two contact line positions x = w 1 (t) on the right (at the bottom of the Here, we plot the tear film profiles with δ = A = 10 −3 and B = 0 over the time interval t = 325-375 showing evaporation of the bulk tear film. We can identify three contact lines in this figure: w 1 is effectively stationary near x = 12, w 2 moves to the left and at the early times shown in this figure is located near x = 8 and w 3 starts at the center (x = 0) and moves to the right eventually merging with w 2 . Details of the dynamics of contact lines w 2 and w 3 are shown in the next figure. meniscus) and x = w 2 (t) at the edge of the receding film near x = 8. As the film evolves further in time, a new adsorbed layer forms (shortly after t = 337) in the (symmetric) centre of the tear film (at x = 0) and gives rise to a third contact line x = w 3 (t) moving out away from the midpoint of the symmetric film. This smaller island of fluid eventually disappears (just after t = 375) leaving an adsorbed fluid layer on the surface and meniscus regions near the eyelids.
We next examine evolution of the dry regions of the corneal surface as was done for a similar model by Ajaev (2005a) . Figure 8 shows the contact line positions as a function of time for two moving contact lines in Fig. 7 . Additionally, we have included overall linear fits of the contact line dynamics to estimate the average velocities of these two contact lines w 2 and w 3 . The contact line near the meniscus POST-BLINK PRECORNEAL TEAR FILM 11 of 15 FIG. 8 . Here, we plot the contact line positions w 2 (t) and w 3 (t) for the case δ = A = 10 −3 and B = 0.
x = w 1 (t) is essentially stationary. In order to identify these curves and the corresponding linear fits to estimate contact line speed, we have defined the contact line positions w 2 and w 3 as the location at which the bulk fluid has a depth twice the thickness of the adsorbed fluid layer; i.e. where the film thickness is 2(δ A) 1/3 . Other definitions may alter quantitatively the prediction of the contact line position, although the general contact line speed estimates based on this definition are robust. If we take 350 to be a dimensionless time for complete evaporation and length and time scales to be 10µm and 0.48 s, an estimate for the thinning rate of the tear film is approximately 3.6µm min −1 . This is slightly smaller than, but still close to, the average thinning rate of 3.79 µm min −1 measured by King-Smith et al. (2008) .
The values of the average speeds indicated in Fig. 8 as well as equilibrium film thicknesses h eq = (δ A) 1/3 for various parameter values are listed in Table 1 . We note that one interpretation of this equilibrium film thickness is the length scale of the structure of the corneal surface whose thickness we estimate to be approximately 0.3µm (see Gipson, 2004) . We have examined a range of parameters that correspond to equilibrium film thicknesses up to this estimate. Below we compare these predictions to in vivo data.
We have been able to examine in vivo data of the break-up of a human precorneal tear film in video images provided to us by King-Smith. These video images show an illuminated 7-mm-diameter region of one patient's tear film for a duration of approximately 30 s following a blink. Superimposed on the images is a spatial grid with approximately 0.24 × 0.24 mm 2 . From these video images, we could obtain both qualitative and quantitative information on the precorneal tear film dynamics and break-up.
For this particular patient, several regions in the tear film could be clearly identified as locations where break-up was occurring. Generally, after an initial regime in which a roughly circular hole in the tear film forms, break-up areas were irregularly shaped rather than radially symmetric. In some cases, the break-up patches appeared more square or rectangular in shape. The merging of multiple nearby rupture patches was also observed. In certain instances, one can observe what appear to be capillary ridges near the break-up region which grow and shrink at different times. Some of the irregular structures observed in the tear film and rupture areas are likely related to irregularities of the underlying substrate (corneal) topography. Finally, the opening rates were observed to vary during break-up and in some cases, the opening process appears to reverse. Fig. 7 . The dimensional form of the equilibrium thickness is h eq = (δ A) 1/3 d. The velocity scale U 0 has been computed using the formula U 0 = ρgd 2 /µ from Braun & Fitt (2003) with ρ = 10 3 kg m −3 , g = 9.81 m s −2 and µ = 1.3 × 10 −3 Pa s; they used d = 10µm but we also include results for d = 5 and 3µm here. The parameter values δ and A were chosen to obtain dimensional equilibrium film thickness values around but also on either side of 0.1µm. In the last case shown, the hole opening up from the centre of the tear film corresponding to contact line w 3 (t) is absent The observed film and dryspot dynamics are clearly quite complicated and the quantitative identification of temporal and spatial features is difficult. With these complexities in mind, we have examined in more detail two particular tear film rupture, or break-up, areas in the data in an attempt to estimate effective diameters, times and opening speeds of these ruptured areas that can be compared with the predictions of our model. These measured values are summarized in Table 2 .
The results of Table 2 indicate that, after formation and rapid opening of the dryspot, there is a time span on the order of seconds where an opening rate of approximately 0.03 mm s −1 (30µm s −1 ) is observed. In the first example, the later time data suggest a somewhat slower opening rate. Again, we emphasize that since the dryspots were irregularly shaped, the values given for diameter are only rough estimates. Also, the speed in a given direction is not monotonic and may even reverse a little. Our POST-BLINK PRECORNEAL TEAR FILM 13 of 15 numerical values are based on estimates of an average area; however, the observation that the opening rates start out large and then decrease seems to be a robust feature observed qualitatively and estimated quantitatively.
The estimated values for opening rates are generally in the range of the dw 2 /dt and dw 3 /dt values indicated in Table 1 . The dryspots observed in vivo were away from the black lines (the black line regions were not contained within the illuminated region of the tear film in the video images) and so in some sense, the opening rates should be compared with those for dw 3 /dt. In the cases where a smaller d is used, the numbers for dw 3 /dt are quite close considering the approximate nature of the estimates. Of course, our theoretical predictions for the opening rates (see Fig. 8 ) are 1D and show no indication of slowing down. While the comparison is encouraging, there is still room for improvement.
Conclusions
Some prior mathematical modelling studies have incorporated the best available understanding from the eye community at the time, but if they did include van der Waals forces, then those forces caused dewetting from a corneal surface that was assumed to be non-wetting. In this work, we made different choices that included van der Waals forces that reflect a cornea that is wettable by tear fluid, in accord with modern understanding of the corneal surface (Bron et al., 2004; Gipson, 2004) . Evaporation is also argued to be important in recent work (King-Smith et al., 2008) .
The competition of van der Waals forces causing a conjoining pressure with evaporation from the tear film surface can balance each other for a sufficiently thin film. This thin film is a model for the complex corneal surface, which is wet by the aqueous fluid. The small flux of fluid inside the thin part of the film is believed to be similar to the flow that may occur in the hydrated mucus at the corneal surface.
We found that the 'dryspots' resulting from evaporation first appeared in the black line and then widened. A second dry region could open from the centre of the film; the spot in the middle of the film widens much more rapidly than the black line region. These spots behave similarly to those observed in vivo. Though dry patches resulting from tear film break-up in vivo are somewhat irregular, a rough estimate of the opening speed is of similar magnitude to the results from our computations when the combination of parameters governing evaporation and van der Waals forces (i.e. h eq = (δ A) 1/3 ) is chosen to be a reasonable thickness compared with the thickness of the mucin-rich area at the corneal surface. We take this result to be encouraging for studying the model further in the context of blink cycle modelling and in 2D domains. Tear film dynamics on 2D eye-shaped domains, without conjoining pressure or evaporation, have already been studied (Maki et al. 2009a,b) . A study for the model developed in this paper on a 2D eye-shaped domain is currently underway.
